By using arbitrary volume forms, we establish Laplacian comparison theorems for Finsler manifolds under certain curvature conditions. As applications, some volume comparison theorems and Mckean type eigenvalue estimates of Finsler manifolds are obtained. Moreover, we also generalize Calabi-Yau's linear volume growth theorem, and Milnor's results on curvature and the fundamental group to the Finsler setting. MSC: 53C60; 53B40
Introduction
In recent years, Finsler geometry has developed rapidly in its global and analytic aspects. 
In this paper, we shall further improve this theorem by using the weighted Ricci curvature condition and remove the term of the S-curvature. To be precise, we will give the following result. 
where ct c (ρ) is defined by (.).
In addition to this, the Laplacian comparison theorem under the flag curvature and Scurvature condition is also obtained. As applications, we give some volume comparison theorems under the above-described conditions. It is worth mentioning that all the results we obtained are more concise than those in the related literature [, ] and more similar to the Riemannian case in form.
In 
where vol max denotes the volume with respect to the maximal volume form. In the present paper, we will further claim that for an arbitrary volume form Calabi-Yau's result still holds.
Theorem . Let (M, F, dμ) be a complete noncompact Finsler n-manifold with finite reversibility λ. If the weighted Ricci curvature satisfies Ric
where B + p (R) (resp. B -p (R)) denotes the forward (resp. backward) geodesic ball of radius R centered at p and C denotes the constant depending on N , λ, and vol
In Riemannian geometry, Mckean [] proved that if (M, g) is a complete and simply connected Riemannian n-manifold with sectional curvature K ≤ -a  , then the first eigen- 
This paper is organized as follows. In Section , the related fundamentals of Finsler geometry such as Finsler metric, weighted Ricci curvature, gradient vector, FinslerLaplacian, and some lemmas are briefly introduced. The main results will be proved in Sections , , , respectively.
Preliminaries
Let M be an n-dimensional smooth manifold and π : TM → M be the natural projection from the tangent bundle TM. Let (x, y) be a point of TM with x ∈ M, y ∈ T x M, and let (x i , y i ) be the local coordinates on TM with y = y
The fundamental quadratic form 
where C V satisfies
Given two linearly independent vectors V , W ∈ T x M\, the flag curvature is defined by
where R V is the Chern curvature
Then the Ricci curvature for (M, F) is defined as
where e  , . . . , e n- ,
form an orthonormal basis of T x M with respect to g V . For a given volume form dμ = σ (x) dx and a vector y ∈ T x M\, the distortion of (M, F, dμ) is defined by
To measure the rate of changes of the distortion along geodesics, we define
where c(t) is the geodesic withċ() = y. S is called the S-curvature. Now we can introduce the weighted Ricci curvature on the Finsler manifolds, which was defined by Ohta in [] . In the present paper, we reform it as follows.
where S(V ) denotes the S-curvature at (x, V ). The weighted Ricci curvature of (M, F, dμ) is defined by
Here we will spend some words about the assumption of the nonpositive S-curvature in this paper. 
where
where c <  is a constant, Q = (q 
The divergence of V = V i ∂ ∂x i on M with respect to an arbitrary volume form dμ = e dx and the Finsler weighted Laplacian of u on (M, g V ) are defined by
respectively. Let L : TM → T * M be the Legendre transform. For a smooth function u on M, the gradient vector and the Finsler-Laplacian of u is defined by
In particular, on M u we have
Let X = X i ∂ ∂x i be a differential vector field. Then the covariant derivative of X by v ∈ T x M with reference vector w ∈ T x M\ is defined by
where i jk denotes the coefficients of the Chern connection. For a smooth vector field V on M and x ∈ M V , we define ∇V (x) ∈ T * x M ⊗ T x M by using the covariant derivative as
We also set ∇  u(x) := ∇(∇u)(x) for the smooth function u and x ∈ M u . Then
Let {e a } 
where ct c (ρ) is defined by (.). 
Proof Let ρ(x) = d(p, x) be the distance function. If ρ is smooth at q ∈ M, then it is also smooth near q. Let S p (ρ(q)) be the forward geodesic sphere of radius ρ(q) centered at p. Choosing the local g ∇ρ -orthonormal frame E  , . . . , E n- of S p (ρ(q)) near q, we get local vector fields E  , . . . , E n- , E n = ∇ρ by parallel transport along geodesic rays. Using (.)-(.), we have
Here · HS(∇ρ) denotes the Hilbert-Schmidt norm with respect to g ∇ρ . We refer to [] for details. Since M has nonpositive flag curvature, from Lemma . we see that the eigenvalues of ∇  ρ are nonnegative. This yields
Note that Ric N = Ric +Ṡ -
and Ric N ≤ c for N ≥ n + , from (.) and (.) we have
Notice that S ≤  and ∇  ρ has nonnegative eigenvalues; from Lemma . we have
for N -n ≥ . On the other hand, it is easy to see that d dρ S =Ṡ since F(∇ρ) = . Combining (.) and (.), and using Lemma . again, we obtain
By a simple argument, (.) can be rewritten as
Since M has nonpositive flag curvature and nonpositive S-curvature, from Lemma . we get
which implies that there exists ε >  such that
From (.) we have
If M has nonpositive S-curvature, then
Thus from Lemma ., we get the following.
Proposition . Let (M, F, dμ) be a Finsler n-manifold with nonpositive S-curvature. If the flag curvature satisfies K ≤ c, then the following holds whenever the distance function ρ is smooth:
ρ ≥ (n -) ct c (ρ).
Volume comparison theorems
Let (M, F, dμ) be a Finsler n-manifold. For a fixed point p ∈ M, define
Then D(p) = M\C(p).
Let {θ α |α = , . . . , n -} be the local coordinates that are intrinsic to I p . For any q ∈ D(p), the polar coordinates of q are defined by (ρ, θ ) = (ρ(q), θ  (q), . . . , θ n- (q)), where 
which implies that the function
is monotone increasing with respect to ρ, where
For two positive integrable functions f and g, if f g is monotone increasing, then the function
is also monotone increasing (see Lemma . in [] for details). From this statement, one finds that
is monotone increasing, and also the function
is monotone increasing for ρ < i p .
To prove (.), we only need to show
it is sufficient to prove
which can be directly obtained from [] .
By using Theorem ., we can get the following result similarly. 
is monotone increasing. In particular, for the Busemann-Hausdorff volume form dμ = σ BH dx, one has
Define reversibility λ = λ(M, F) as follows:
Obviously 
where B + p (R) (resp. B -p (R)) denotes the forward (resp. backward) geodesic ball of radius R centered at p and C denotes the constant depending on N , λ, and vol 
It follows from (.) that
it is easy to find from the triangle inequality that
Therefore, from (.) and (.) we have
On the other hand, it is not hard to see that B
. Combining this and (.) one obtains
Replacing (λ + )(R + ) by R, we have
Next, we consider the second part of Theorem .. Let
We put an arrow ← on those quantities associated with ← -F . For example,
If the weighted Ricci curvature of F satisfies Ric N ≥ , then for the reverse Finsler metric 
. We obtain (ρ) ≥ , which means that
n- is also increasing in ρ. It is well known that
Thus when ρ ≥ ε, one has
as ε → , which shows that there exists c = c(n, b) such that
Consequently,
where ω n- denotes the volume of the unit sphere S n- .
By similar argument, we also have the following result. 
